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1—ON THE INTEGRATION OF CERTAIN DIFFERENTIAL 
EQUATIONS. No. Il. 


By R. L. Extis, B.A., Fellow of Trinity College. 


In the last number of the Journal, a method was given for the 
investigation of a class of differential equations, by means of suc- 
cessive reductions, 

The present communication contains solutions of some analogous 
equations effected by a similar process. The results will however 
be exhibited in a very different form. 

We begin by taking a particular case of the equations in ques- 
tion, 


da" 


where p is an integer. 


d™y pm d™-ly 
y é 
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dx” 


Let y = 2a,2", 
“. a(n—1)...(m -m 42) (n—m + 1—pm)a, + ha 
Assume 
a,= jn—m41~(p—1)mz jn—m41--(p—2)m3 
. (n—m+1)f (k) b, 
S (Rk) being some function of k, to be determined hereafter. Then 
a, _,=(n—m + 1—pm) §n—m+41—(p—1) m3 
--(n—m41—m)f (ky b,_,...(4): 
If we substitute these values in (2), every factor of (4) and 
every factor, except the last, of (3), will disappear, and the result- 
ing equation will be 
n(n—1)...(u~—m42) (n—m-+1)b,+hb,_ =0...(5) 
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This is what (2) would be, were p=0. Hence y= 2.6," 


a 
fulfils the equation - = — + ky = 0, to which (1) would, in that 


case, be reduced. Ag y = X be the ordinary form of the solution 
of the last-written equation. Then we must obviously have 
=.b x" = o (hk). X, 
where @(k) may be any function of % A very little attention to 
the mode of integrating linear equations with constant coefficients 
will show, that in X, z always occurs in conjunction with k™ 
If we put A eB. A2*, 
we must consequently have 


% 
a = NR, 
where N is a function of x, except for values of m < m, when it is 
an arbitrary constant; therefore 


b, = No(k)k". 


n 


Recurring to (3), inverting the factors and multiplying and di- 
viding by m?, we shall easily deduce the following equation, 


a,—=mP?P — + *) t me m b 1 -1) 
m m 


a” l n 
(MEET = = D)N- SOHO M, 


The form of these p decreasing factors naturally suggests the 
m—1 
idea of making f(k) =k»; and if we then put ¢(k) =k ™ , we 
get 


am? (" —— ") (” =e a 1) 


m m 


(— +1 as Ni 


m 
dP 
", @_,=m? a bn, and .°. Sa,az™"—=mP al 
The factor mP may obviously be neglected, and we shall there- 
— X 
fore have, on replacing b,x" by g(k) X, te by ——4, the fol- 
lowing equation, k* 
dp xX 


dh? =-1’ 
m 


"= 


for the solution of (1), y=X_ being that of “ ¥ + hky=0. 
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‘ —1 
If m=2, X=C sin $/(k) x4 a3, and som = 4. Hence 
_ dP Csin $Y (hk) a4 a3 
Y= Ghe V (k) 
is the solution of 
: oe Lom =2 dy 
da’ 
This result is given in = alles in Equations, and is, I believe, 
due to Mr. Gaskin. 


If the proposed equation were 


d™y In ai pm ” aie » 0 
dx™ — y a dxm-l 
we should immediately conclude, from analogy, that its solution 
must be 
d-P x 
Y= dk-P m-1 ; 
k m 
but it may be as well to establish this conclusion by an independent 
investigation. 


Equation (2) will, in this case, be 
n(n—1)...(m—m 42) (n—m414 pm)a,+ha,_ 0. 
Assume 


b 
a,=f (k) . 


(n—m 4 1+4+pm) §n—m + 1+ (p—l)m} (2—m414my)’ 
b 


Gnom=S (*) $n- —m+1+(p —1) mm ..(n—m+41)’ 


therefore n(m—1),..(n—m+41) b,+4+hb,_ =0. 
Therefore as before, 











b,=N.@(A)R", 


n 








and a,—m-? N 5 Pi. (hk) k™ ) 
n—m n—m + 
- | ae et 
( m i ) ( m tp) 
m—| 
Here we make f()=h?, and go(k)=k ™, 
; »N dp } 
-& =m?P N —— 8,, 
dk? *” 


no complementary function being added. 

Hence, precisely as before, we find that 
dp X 
dk-p m=l 
is the solution required. h™ 


y= 
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Let us now consider the more general equation, 
m m-s—1 8 
< idinmn na ——; (- a) svane MODs 
If 3 Ae = &.a,2", there will be 
n...(n—s+1)(m—s—pm) (n—s—1)... 
(@—M41) ay+hay_,, =90.....(7). 

This equation is analogous to (2); but m — 1 is replaced by s. 
Assume, therefore, 
a, = jun—s—(p—1) m3 §{n—s—(p—2) m3 .. (n—s) k-?.by...(8); 
". nom = (n—8 — pm) §{n—s—(p—1) m...... (n—s+m) kb _ 
and m ..(m—s +41) (m—s) (n—s—1)...(n—m+1)b, +h b,_, =0. 


Hence, as before, 





nem 


b,x" = 9 (A) X, 
where X denotes the same function of x that it did in the former 
case, 
n 
Consequently b, = No(Ak)A™, and 
n 


=m? es _— fu—s - we \ y m 
a,=n ( = ) ( - 1) {5 —@-D {Nos 


m 


We must, it is evident, make 9(k)=h ™, and then 
d? ns d’ 
a =m’ —Nk™ =m’ —b. 
‘ dh ~ dk’ * 
d’” d ( 
y= — 
I= de 3 
km 
d™y j qm-s-1 g | d*y 
dx sm + ky = pm dx™~8 i(= ae) 
for as before the factor m” may be neglected. 


Hence is the solution of the equation 


A particular case of this re 1" is that in which s = 0. If with 
this value of s we have m = 2, the equation to be integrated takes 


the form 
d’y F dy 
(a + hy lies (* a % v). 


and the solution is 
¢ 
y=C ake sin §/(k) x + ad. 


E quation (7 ) is the most general one in which the coefficient of 
a,, differs in one factor only from what it is in the case of 


¢ ad + ky = 0. 


Sut our method is ions in other cases, 
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Let us resume the equation discussed in the last number of the 
Journal, 
a l - 
a thy =p(p—1) 5 Fara Ye (8). 
By the usual method of making y = 2a,a", we get 


n(n—1) ..(n—m 43) }(n—m 42) (n—m4+1)—p.(p—la 


? ka,_,=0, 
or n(n—1)...(n—m 4 3)}(n—m42—p)(n—m414 pia, 
+ k ee =0 oe (9). 


It may be remembered that we found it necessary that p or p—1 
should be divisible by m. Suppose then that p is so divisible, and 
that the quotient is g. 


Let 
—" p n— m 4+2—(p—m)} $n—m 4. 2— (p—2 2m) s(n—m + 2) 2), 
n (n—m  § +p) in—m + 1+(p—m)} .. (n—m+14m)" 
seaawe (10), 
- thea ia jn —m+42—(p—m)?......00 b 
1 oss §n—m +14 (p—M) oe (n—m+1) *-™ 


(there are q factors in both numerator and denominator); equa- 
tion (9) becomes 


n(n—1) ..(n—m +43) (n—m+2) (n—m+1)b,+hd,_,, =0; 
and, as in the two preceding cases, we shall have 


= b.2* =~ (2) a 


and by = N. R" G(R). 
(10) may be written thus, as p = gm, 


n—m+42 n—mM+2 
( m ) vin ( m or 1) 








ty = f(h , 
ff) (= —m +1 1) C—* +1 b, 
m ach! Sasa m + a) 
a n—M42 n—m+42 ant 
N i ol m ne i =i |e — m ; 
Ow aka , am ) ( m q+ ') . 
l n—m-+ 2 
orefore vi . k m 
therefore -_ % = (A aka 
(“= +") a (“ate re 1) ceaabike 
fs m m hn . 


n—m-+ | ) (Ss 
( — + 1) wove a +4 
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But if we make o(k) = tn, then 
6,= N. a 
1 
Let us also put f(k) = hk’ ™; therefore 
(“=" +t") yal 


m 


* 1) ne, 


_wN d~4 (i d4 A*) 


n—m+1 . 
L 


N kh m 





dk~4 dk 
d~4 “= d 
OF y= py (HO es) 
1-4 q- = di xX ; 
Hence me. (A mn i) ————. 
— Y= die-4 dia Are 


kh m 
is the solution required. 


It admits also of another form, which it may be worth while to 
remark. 








n—m+1 1 n—m-+t 1 ; 
a kh a) — l kh m a 
: ee 
m m 
] n—m +i 
_ OO iat. ot Oe 
therefore aia (A - qi k ) 
(‘= as. *) ooeves (“= 5 = @ + 1) n—m +2 
me, m m * eo i 
(FRET a) (CBE ag) 
m m 
=i whe 
Here we must make ¢(k)=k ™ and f(k)=k ™, and then 
n—-m+l n—m-+ a 
b=Nk * and a, = N(...... a * 
d4 sale 1 d-4q ) 
therefore a, = ak (4 ™ =a b,, 
di a+. d-4 X ) 
‘ = — —— |} ses ccc ces 12). 
and y qi (i 2; ~s (12) 
k m 


The value of y, deduced from the developement of (12), can of 
course differ only in a factor of some function of & from that 








en 
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which is given by (11), and it will easily appear, on comparing the 


. eer 2 gaara, 
values of a,, in the two cases, that this factor is m, 

Let us now consider the case in which p is not divisible by m, 
while p--1 isso, And let p~l=qm. The two factors of (9) on 
which our reduction operates, viz. 

(n—m+4+2—p) (n—m-+ 1 4-p,) 
may be written thus, 
jn—m +24 (p— 1)} §n—m41—(p— 1)3, 
or (n—m+42+4qm) (n—m-+ 1—gm). 


The change which this will introduce in the process, is not diffi- 
cult to perceive. We must assume 








n—m +1 — ] 
de n—m+1 g+1 
— f(h) m m P 
a, =S( n—m +2 1 n—m+2 " 
m vee m+? 


as before, the transformed equation will be 








Wisatand (n—m +2) (n—m+1)b,4+hb_ =0. 
Now 
e ss? ‘ —m +1\ = m+) os —4 
— ae = | -————_} ... .. _- — -— @Q- : @ 
dk? . m ) m ad 1) 
d7? q+ 2 1? n—m+) 
therefore a (« m a ko om 
n—m+1 n—-m+) 
( - *) eeveee a= —q+ 1) n—m+2 4 
a m m k m 
n—m 42 ) n—m +2 
————- iy ieee 
( m . ( m + 7) 
l —m+1 


If then we make f(k)=k’*m and o(k)=k m , we get 


n—m-+ 1 , 
nm +1 - | «ee Ce n-am+ 2 
i t m - — +9 
b. <= N k m 3 a,—=N k m 
: n—m +2 , 
( oe 1) oon OFC. 
m 


; d-! a: d? Namy1 
or a, = N dk ; (x m a k m ). 
Hence, finally, 





a7? 1 d q p. 4 
y (i 


me dk? i+ dk! + mi) seer een eee (13). 


I: m 
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As an illustration, let us take the case of the equation which 
occurs in the theory of oe “ga of the earth, 
z 2 2 thy 


Here m= 2, p =3, p— 1 = 2: hence g = 1, and as p is not 
a multiple of m, the formula (13) is to be used. 
It is in this case, as X = C sin $/ (hk) x + a, 


a} (43 dad ¢ =e + af | 


.. 5 


¥= = 
P dk~' Ahk u 
\ dk i 
s k)zx , 2 
wip fet a Sa =47 cos {V(k)@ pak —} eV (he tag 
dk 4 3 
k h 
therefore 


y=3C pi [wk? cos §y/ (hk) aa? —sin $4/(*) 24a} ], 
or integrating the first term by parts, 
y=RC sin $/(H) 24-03 —3 C-, sin fy (H) eh a. 
But 
die Qk 
Guat Sin iV (k) e+az = 7 08 7 (ht) w+ ai 


2 
+> sin $f (k) a 4 ad, 
therefore, if kC = Cy, 


y =C, [sin (k) x + a? 


3 3 ; 
+ —~ cos $f (k) ah — ig? sin $y’(*) a+ a3], 
nk 


which is the required solution. 

Equation (13) corresponds to (11): but there is another form 
of the solution in the case of p — 1 = gm, which we shall just 
mention, and which is the counterpart of (12). It is 


a+r X 
Ci--—-2" = ) (14 
Y= ai ( oink : 


It would be a needless repetition to go through the steps which 
lead to this result. 

All the operations indicated in these symbolical solutions are 
practicable. This will appear by considering the nature of the 
function X, which, in its most general form, consists of the sum of 
terms, of which the type is 

l 


¢ olat8V(-1)] hme, 
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If we make k = x”, this will become 
C elt +B V¥(—1)] *. 


which may be integrated any number of times for «, and conse- 
quently, if it is multiplied by any rational and integral function of 
x, it may still be integrated by parts as often as we please. Now 


dk, ; 

— will become mx™-*~'d«; and as m and s are integral, the 
Rm 

method of parts applies, provided s is not greater than m — 1, 
which it is in none of our formula. 

Fourier's expression, by means of definite integrals for the 7 
differential coefficient of any function, would enable us to extend 
our solutions to the cases in which p is fractional. But merely 
analytical transformations of the results at which we have arrived 
are not of much interest, and the methods of effecting them are 
direct and obvious. 

Equation (1) admits of another symbolical solution besides the 
one already given. 


It is easily seen, that if 


a ae d 1 i . 
Ta,2"°=2 3 pres te ee >5,2", (p factors), 
a, =(n—pm +1) ..... (n—m+1)b,, 


which is what (3) is, when f(4) = 1. (+. applies to all that 
follows it.) 
Hence we shall clearly have’ 
e t «= d 1 


— a ae } 
YE ae de eine dx xm! X, 
for the solution of (1). 
Similarly, the solution of (6) is 
1 d | 
— yl P—!)mH(s-1) toe acme 
er dz gm-'" dx x® 


Many applications and modifications of the method we have 
employed, will readily present themselves, but the subject is not of 
sufficient importance to deserve a fuller discussion. It is not diffi- 
cult to multiply artifices, by means of which particular equations 
— be solved, but the results will, generally speaking, be of little 
value. 


DDD 














Il.—-ON A SIMPLE PROPERTY OF THE CONIC 
SECTIONS.* 


THE property in question is not new, though perhaps the proof 
here given may be so. I am principally induced to send it to the 
Journal as an illustration of the following remark. 


The fundamental propositions of Geometry have each of them a 
train of consequences, any ene of which might frequently be de- 
duced from other fundamental propositions, but not so easily as 
from that, which we may therefore call its own. If then a very 
simple proposition will admit only of very complicated proof, it is 
open to trial whether the proper fundamental proposition has not 
been omitted from the elements. 


The property of the conic sections above-mentioned is the fol- 
lowing :—If the tangents at P and Q meet in the point T, and if S 
be one of the foci, PT and QT subtend equal angles at S, except 
only when P and Q are on different branches of an hyperbola; in 
which case the angles are supplemental. The simplicity of this 
proposition, compared with the difficulty of its proof by the ordi- 
nary properties of the curves, suggested the preceding remark, and 
on trial it appears that this property of the tangents of a conic sec- 
tion is the immediate consequence of the expression of the cri- 
terion that a circle touches four straight lines, which is omitted b 
Euclid. . 


Let there be four straight lines, no two of which are parallel. 
These must form such a figure as fig. 1, which may be considered 
as containing three four-sided figures, of which the sides are 


(AB, BC, CD, DA), (AE, EC, CF, FA), 
(BE, ED, DF, FB). 


These may be called the convex, the single concave, and the 
double concave figures. 


It is easily shown from the elements, that taking an angle of a 
triangle A, the circle which touches EA, AD, DE, is a function 
only of A, and of the excess of EA and AD above DE; while the 
circle which touches GE, ED, DH, is a function only of A, and of 
the sum of EA, AD, and DE. Hence the following 


Tueorem. A circle touches four straight lines if the sum of 
alternate sides be the same in the convex or the single concave 


figure, or if the sum of adjacent sides be the same in the double 
concave figure. 








* From a Correspondent. 














On a Simple Property of the Conic Sections. 


Remark. Of the three equations 
AB4+CD=AD+BC, AE4+CF=AF+EC, 
EB+BF=ED + DF, 
any one being true, the others are necessarily true; and, any one 


of these being true, the circle which touches the four straight lines 
is inscribed in the convex figure; but the equation 


BE + ED = BF + FD 
shows that the circle is in the figure GECFH. 


Let E and F be the foci of an ellipse, in which the points B and 
D lie; a circle can then be inscribed in ABCD, that is, the bi- 
sectors of the angles ABC and ADC meet in the same point as the 
bisectors of AED and AFB. But the first bisectors are the tan- 
gents at B and D; whence the property above enunciated follow : 

Let E and F be the foci of an hyperbola, and A and C two 
points on the same branch. Then 


whence a circle can be inscribed in ABCD, the bisectors of A and 
C meet in the same point as those of E and F, and the same pro- 
position is established. 


Let E and F be the foci of an hyperbola, and B and D points 

on different branches. We have then 

BE + ED = BF + FD; 
a circle can be inscribed in GECFH, and the bisectors of EBF 
and EDF meet in the same point as those of GED and BFH, 
from whence it is easily shown that the angles subtended by the 
tangents at either focus are supplemental. 

The case in which two lines of the fundamental figure become 
parallel, and its application to the parabola, offer no difficulty. 
One focus being then at an infinite distance, the property can only 
be obviously true of the other. But if through P, T, and Q, we 
draw lines parallel to the axis, and consider these lines as making 
infinitely small angles at the other focus, proportional to their dis- 
tances from each other, we have the following theorem: If P and 
Q be two points of a parabola, the tangents to which meet in T, 
the projections of PT and QT upon any line perpendicular to the 
axis are equal to one another. This theorem can readily be proved 
by a more (geometrically) justifiable process. 


A. D. M. 











IIl—ON THE MOTION OF A PENDULUM WHEN ITS 
POINT OF SUSPENSION IS DISTURBED. 


In a former article* we investigated the nature of the mutual action 
of two pendulums united by any elastic or moveable connexion ; we 
shall here consider more particularly the effect produced on the 
motion of a simple pendulum by a disturbance of its point of sup- 
port. As before, we shall suppose the motions to be infinitesimal, 
in order that the equations may be at all manageable, and also for 
the sake of simplicity we shall assume the disturbances of the point 
of suspension to be rectilinear. 

I. Let the point of suspension have a horizontal motion parallel 
to that of the pendulum. 


The pendulum being a simple one, let uw be the horizontal co- 
ordinate of the point of suspension, w« + z of the ball; let Z be the 


length of the pendulum, and n? = ; . Then the equation for the 


motion of the pendulum is 


ad 
ot) ae = 0 ...... (1). 


Two suppositions may be made regarding the nature of the disturb- 
ances of the point of suspension, that is, regarding the motion of « : 
either it has a vibratory motion independent of the motion of the 
pendulum or depending on it. 

In the first case, when the motion of wu is independent of that of 
the pendulum, w is given simply in terms of ¢, or 





u =c cos(at + f3)...... (2); 
whence equation (1) becomes 
ax . 
qe t n*x — ca? cos (at + 3) = 0.....06. (3). 


The solution of this is 
x=A cos (nt4+B) — or cos (at+ (3) ... (4). 
at—n 


The motion, therefore, consists of two simple oscillations, 
which may be considered separately. The one expressed by 
the term A cos (nt +B), is independent of the motion of 
the point of suspension, and depends only on the length of the 
pendulum and the original circumstances of the motion; the other, 
ca2 





expressed by the term cos (at + 3), depends on the motion 
a 


v2 — n2 


* Vol. mu. No. 1x. p. 120. 
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of the point of suspension, and is synchronous with it, but both in 
extent and period is quite independent of the initial circumstances. 
If we neglect the first term, or the regular motion of the pendulum, 
we have for the disturbed motion 


2 
z= “5 cos (at + ), 
cn? 
and w+r2=>— — a cos (at + B). 
The motion of a point at a distance s from the ball will be 
a . a @ 
ae 2p (» —a ‘) cos (at + #). 


That point, therefore, will remain at rest, so far as the disturbed 
motion is concerned, when 


l g 


a= -v et, 
8 8 

or the distance from the ball of the point at rest, is equal to the 
length of a simple pendulum vibrating in the same time as the point 
of support, which might have been anticipated. 

The preceding formule fail when a = u, or when the period of 
the disturbance is equal to that of the pendulum. In this case the 
integral of the equation (3) would be of the form 


x = A cos (nt + B) — Sein (nt + ), 


into which the time enters as a multiplier, so that a increases inde- 
finitely with the time, and the motions are therefore no longer infi- 
nitesimal, as was at first supposed, and the original equations are 
therefore no longer applicable. This change of form in the 
integral is the analytical indication of a very important fact, viz. 
that a force, however small, may produce a motion of any extent in 
any body capable of oscillating, provided that the application of the 
force be made at intervals, the length of which is equal to the period 
in which the body would oscillate under the action of gravity. 
Thus it is, that a stone inasling may be made to revolve completely 
round with a great angular velocity, merely by the synchronous 
motion of the hand; and many similar examples of this fact are con- 
stantly presented to our observation. We remember to have seen in 
a steam-vessel a lamp, which was so hung that its time of oscillation 
very nearly coincided with the stroke of the engine; the conse- 
quence of which was, that though the water was quite smooth, the 
lamp being set in motion by the reiterated strokes of the piston 
swung in a large arc, as if the vessel were rolling in a heavy sea. 

In the second case, when the motion of the point of suspension 
depends partly on its own elasticity, and partly on the motion of the 
ball, we shall have for the equation of its motion 


d*u 


de + hu — ax=0........ « (5); 
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which, combined with the equation 
d*u Pe. 2 ‘ z 
we * de + n*x =). ccocsees (A) 
d? 
will determine u and z. To do this, muitiply (5) by 7 and (1) by 


d? 
e + is) » and subtract; then 


((i+#)(G+0) ref }eno 


‘d? 
or (ie + 0°) (Gu tout) #=0 ie (6), 
p*|, p®, being the roots of the quadratic equation 
(p? — h®) (p? — n?) — ap? =O... (7). 


Hence, integrating (6), we have for the value of x 
a = A cos(p,t + a) + B cos (p,¢ + 8) ... (8). 
To deduce the value of w, subtract (1) from (5); then 


d*z 
2 2 
re = dé + (n® + a)z, 


and therefore 


A 
=i (n*+-a—p,*) cos (p;t+-a)+ ; (n® +a—p,*) cos (pot+)...(9). 


In general & is much greater than m, and a is very small, The 
equation for determining the two values of p? may then be put under 
the forms 


ap,? 
p= n? — Pao 
p.2 
en ee ae 
Po + 
Pa” ry 


One therefore of the two values of p will be a little less than m, and 
the other a little greater than k. Hence the signs of the coeffi- 
cients of the first terms in 2 and w will be the same, and those of the 
second terms different. 


The vibrations of the ball, and of the point of suspension, will thus 
consist of two parts, which may either co-exist or exist separately. 
The one part, the argument of which is cos (p,t + a), is a syn- 
chronous vibration of the ball, and the point of suspension, a little 
slower than the independent motion of the ball, and such that the 
ball and the point of suspension are always on the same side of the 
perpendicular, passing through the original position. The other 
part, the argument of which is cos (p,¢ + a), is a synchronous 
vibration, a little quicker than the independent vibration of the 
point of support, and such that the ball and the point of suspension 
are always on opposite sides of the perpendicular. 
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If instead of a simple pendulum we have a rod or other solid 
body, let a be the distance of its centre of gravity from the 
point of suspension, and & the radius of gyration; then if «+ a be 
the co-ordinate of the centre of gravity, and if we suppose the mo- 
tion of the point of suspension to be independent of that of the 
pendulum, so that n = ¢ cos (at + /3), we shall have, for determin- 
ing x, the equation 


ax ga 
Ee 4 ate 2- > og ca? cos (at+f)=0...... (10). 
ga F : 
Let rw ee n*, Then integrating 
n*a®ca 
w=A cos (nt+B) - 7 —#) cos (at+/)...... (11). 


Neglecting the first term, we get, as the expression for the part 
of the motion independent of the initial circumstances, 


n®a®ca 
—- —>~—r 608 (at , 
g(a — n*) (a +8) 
For a point at a distance s from the point of suspension, the co- 


, , $x 
ordinate is u + — 
a 


vv 6st 
= (1 _ 7 aoa) e€ cos (at + B). 


From this it appears that a point, the distance of which from the 


2 2 
point of suspension is (a + ~) (1 = =) will remain at rest. If 
a 


n ots : ? , 
= 0, that is, if a be very great, or the vibrations of the point of 


suspension become very rapid, the centre of percussion is the point 
which will remain at rest, as might have been anticipated. 


II. Let the point of suspension have a horizontal motion at right 
angles to that of the pendulum. 


Without going into the calculation in this case, it is easy to see 
that this disturbance will not affect the motion of the pendulum in 
its original direction, and that it will give rise to an oscillatory mo- 
tion at right angles to that of the pendulum, the nature of which 
will be similar to the disturbance described in the first case. The 
two independent motions at right angles to each other will be com- 
bined into one, which will cause the ball of the pendulum to describe 
a curvilinear path. 


III. Let the point of suspension have a small vertical oscillatory 
motion while the ball of the pendulum oscillates in one plane. 


In this case, the disturbance of the motion of the pendulum is 
produced by the variation in the tension of the string; therefore, if 
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x represent the horizontal co-ordinate of the ball, and T the tension 
of the string, the equation of motion is 
d*x x 
—— T - = eccccece . 
Let the vertical motion of the point of suspension be 
u = c cos (at + f), 


being independent of the motion of the pendulum. The ball re- 


ceives the same motion from the change of tension, and therefore 
d°u 
a =~ cos (at + 8) = T —g; 


s 


and therefore, putting n* for T? equation (12) becomes 


d2y a 
= +n2x—ce TJ & cos (at + 8)=0 (13). 

This equation being no longer linear, cannot be integrated as 
the preceding equations were, and we must therefore have recourse 
to an approximate solution. If we suppose e to be small, we may 
substitute in that term the value of x derived from the supposition 
of c=0. That gives us 

a = A cos (nt + B),' 

and therefore 

d*z . . _Aca* ; 
qa tte= ay Leos i(m +a) t+ B+} +cos §(m—a) t+B— 33]. 

Integrating this equation, 
Aca®{ cos[(n+a)t+B+/ 
ee ee Ce TE) 5. (14). 
al | a*+2an 

The most important conclusion from this result is, that if A =0, 
or the ball be originally at rest, it will have no motion communi- 
cated to it by the vertical motion of the point of suspension: and 
that if it has an oscillatory motion in any direction, this will not be 
permanently altered unless a = 2n, or the period of oscillation of 
the pendulum be double of that of the point of suspension. In this 
case the integral becomes infinite ; and if, as before, we put it into 
another shape, we find that 2 increases continually with the time. 
This accords with experiment, which shows that the are of vibra- 
tion of a pendulum may be increased indefinitely by giving the 
point of suspension a vertical motion of oscillation, the period of 
which is half of that of the pendulum. 


cos [(n—a) t+ B- 3] 


a? —2an 


G. S, 
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IV.—ON THE INTEGRATION OF EQUATIONS OF 
PARTIAL DIFFERENTIALS. 


By B. Bronxwin. 


Ir is only of linear equations of the second and higher orders that 
I propose to treat, and that for the sake of noticing the unnatural 
and preposterous nature of the reccived Theory with reference to 
them. For example, let 


dz d2z dz dz dz 
iio A — B =—=C;—=p—-=7 
at * a dy ea dy? sa - ? dy q 


From hence is derived 
12z 
dp dy +Bdg du—Cdx dy = — (dy? ~ Adz dy+Bde?). 
da dy 


And similarly when there are more variables, or the equation is of a 
higher order. Now to introduce the differentials of the second and 
higher degrees into quantities which are to be complete differentials, 
I call unnatural and preposterous. Next we make dy = mdz to 
render the equation linear. But this is establishing a relation be- 
tween two quantities absolutely independent, which is another 
absurdity. It is very true that in equations of the first order we do 
make such an assumption; but it is because we find a certain 
consequent to result from it. dy -- mdr = O leads todM = 0; and 
we want to find M =a. But this appears to me a very different 
thing from the way in which the assumption is made in the above 
equation. 

The natural mode of treating the subject I conceive to be the 
following : 
d®z fs , dz d*z 
dp = dx? dx + ae dy, dq= na dx + dy? dy. 
Multiply the last of these by the indeterminate m, add the product 
to the first, and to the sum the given equation multiplied by dz; 
we obtain 

dp +-mdq—Cdx= "*_ $4 A) det 4. (mdy—Bar 

ip +mdq — Cdx = ne $dy + (m—A) a+ aa ly ). 

Now make 


B 
A — m=—, or m@—Am+B=0; 
m 


and let ” and n’ be the roots of this last; also 
_ @& dz dz , @z 
Q= aay +n ap 
and the above equation becomes 
dp + ndqg — Cdx = Q (dy — ndz); 
or dp 4 n'dq — Cdx = Q' (dy — nde), 


= dedy +" 
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Here we have only one indeterminate quantity, as in the received 
Theory, and the differentials are only of the first degree. If the 
first member be a complete differential, the second must be one 
also; and we may integrate as in an equation of the first order. 

If the first member be not a complete differential, make 

dM = wdN, or M = vi) (N), 
w being an indeterminate, and M, N functions of a, y, z, p, and q. 
As x and y are independent, we must have 
dN 
“es 


(= x) (s) 
asi = wi{— ], “ en 
dx ) (; dy 


But, on account of the indeterminate w, we must have 


(“) = 0, &.; 
dx 


dM dp dM dq dM dM 

i dp dx + dq dx “dz P dx 

dM dp dM dq dM dM _ 
dp » dy dq dy dz 1 “dy 


=: @:; 


From the first of these we climinate” P by the given equation, 


and there results 
dM (| - A >) dq B dM dq dM dM 


+ B— * 4 —- =0. 


dq ‘dp/ dx dp dy dz ? ex 


If now we multiply the second by the indeterminate m, and add 


7 “dp 


‘ , B 
the product to the equation last found; making A — m = - , or 
m 


m*? — Am + B = 0, of which the roots are n a n'; we obtain 


dq | dq dM dM coy I aM dM 
(2 * a) ag na) + “dp +(p+ng)'y. y+ dy * de 


As M must be free from the indeterminate quantities J as ; 
dx’ dy 
we must have 
dM , iM 
dq "dp 


dM dM ,adM , dM 
: - _— + ——_ —— 
. dp + (p+mg)- dz dies dy dz ° 


We shall have two equations exactly like these for the determina- 
tion of N. Any two particular solutions which satisfy both these 
equations may be taken for M and N, 

Or assume dp + ndq — Cdx = 0, dy — n'dx = 0; and with 
these eliminate C, 2, and n’ from the above. There results 


m iM IM. ad) 
dq +— , et - dy + v de=dM=0. 


= 0, 
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In like manner we find dN = 0. These last therefore are simul- 
taneous with the assumed equations ; from which, if any how two 
complete differentials can be obtained, they are to be taken for 
dM =0, dN=0. And the integral of the proposed will be 
M =¢(N). 


We = now take an equation of four variables. 


~ , V2 z dz dz dz i 
Let —_—— =F; 
‘ ut ha 3 ha dx dy + dx du +5 * dy du 5 
a: _ dz a 
dx dy — 7 du 
a en a d 
oP eat a dy °” + oe ‘a . 
d2z mt z dz 
= ——— —d — 
dq ae Ie ip ip dy + 5 ¥ du, 
dz fil z d*z 
-=——— di dy 
ad dx du dis dy di ly du y+ du? oe. 


Adding all these, after multiplying the second by m, and the third 
by n, and subtracting the given equation multiplied by dx, we have 


d®z d*z 
dp +-mdq +-ndr—Fdx = dip (mdy — Adz) + Ta (ndu—Bdz) 


™ 2y 
+ Per $dy —(C—-m) dx} + — su _ (D—n) dx} 


d2z, 
: (inde + ndy —Edzx), 
dy d 


m4 
Make C—m=~—, or m*—Cm4A—0; 
m 


D-n2= = or n?—Dn+4+B=0 


and let m, m’ be the roots of the former, n, n’ those of the latter ; 
also make 
dz dz dz d2z 
— —_——_ =P, 2-—, =Q. 
m dy? + he dy > "aT de du Q 
Then our equation becomes 


dp 4+-mdq 4-ndr—Fdx =P (dy— m' dx) + Q (du—r' dx) 


dz 
+ ts (mdu +4-ndy—Edz), 


oe tia tot. Grads co 
ri +n dy du =r, + dy 4 5 
dp +mdq + ndr—Fdx=P' (dy—m'dz) + Q' (du—n'dx) 


-}- mn | mn— E) AX. 
. 
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This cannot be integrated unless mn’ + m'n — E = 0, which is 
an equation of condition. If this be satisfied, then 
dp + mdq +-ndr—Fda=P' (dy—m'dx) 4.Q' (du—n'dr); 
which may be integrated as an equation of the first order. 
Assume M = @(N, T), or dM = wdN + dT. Then, asin the 
case of these variables, 
dM dp dM dq dM dr dM dM 
‘dp dx + dq dx + “dr dx + dz ? + de = 
dM dp , dM dq _ dMdr , dM dM _ 
dp dy + dq dy dr dy + dz 4 dy 
M dj IM di IM di TN N 
d Pee a dM | , ou 
dp du dq du dr du dz du 





= 0. 


Multiply the second by m’, the third by x’, and add the two pro- 


dM 
ducts to the first. Subtract the given equation multiplied by 5 = 


. as dp 
from the sum, in order to eliminate ~ - Thus we have in virtue 
ax 


of the equations 
m?>—Cm4+A=0, n?—Dn+B=0; 


dq 1) ( =) . es te in) 
-4+m—}(-—- —™m + + 2 — peg pores 
r dy] \ dq dp lx du/ \ dr dp 
dq [4 dM , dM dM) F dM 
Shae sos “ws 
(1 ug aia dr dp / ** dp 
dM , dM ,aM 9 
+ dx * dy +" 3 * 


of 


+ (p+ mig air) - 


cu 


On account of the indeterminates remaining, we must have 


F dM sd dM dM nel dM , aM jie 
T + — “ ae ee 
dp +(p- 4+m'q nr) 7 ds ” dy +n ‘den , 
dM dM dM dM 
—m =O, - —n =. 
aq dp dr dp 
, dM , dM 2 dM 
n’ ——-4+ m — —E = 0, 
dq ar dp 


The last by elimination gives mn’ + mn — E = 0, which is the 
equation of condition before found. We shall have equations 
exactly like them for the determination of N and T, 

Now, if we suppose 

dq + mdp + ndr — Fdx = 0, 
dy — m'dx = 0, du — n'dz = 0; and by means of these eliminate 
F, m, m', n, and n' from the preceding; we again find dM = 0, 
and consequently dN = 0, dT = 0. These last therefore exist 
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simultaneously with the assumed equations; from which if we can 
any how obtain three integrals M = a, N = b, T =e, we shall 
have, for the integral of the proposed, 

M = 9(N, T). 

It is further to be observed that the quantities m and m’, as 
also x and n’ may change places, if by this means we can obtela 
other integrals of the first order. 

We will next take an equation of the third order. Let 

‘as dz dz dz 


dx’ -s da? dy sila dx dy? *e dys i 
and let pd =p, nae =; = = 
Then dp'= ri da + wa dy, d¢= i dx + ia dy, 
dr’ = = # dx + a dy. 


Adding all these, after multiplying the second by m and the third 


dz 
by 2, and eliminating a by the given equation ; we obtain 


P dz 
dp +mdq' 4+ndr —Ddx = du® dy a —(A—m)dx} 











dz 
& za —— § ms F tap Cdz). 
> B- C 
Make A —- m= C, i ~ = = By eliminating m, we find 
a 


n? — Bn? + ACn — C?=0. 
Let the roots of this be , 2’, and ” ; and let m, m', and m” be the 
corresponding values of m. Our equation now becomes 


dp’ 4+ mdq 4 ndr’ — Ddx = Q (ay mine ~ de) ; 


dz 
where Q is a function of dy , &c., and the differentials are only 


dx® 
of the first degree. 
Suppose M = 9 (N) the integral of this. As before, we shall 
have the partial differentials of each member separately equal to 
nothing. Or 
dM dp’ dM dy dM dr’ dM dp . dM dq , dM dM 
—j +— j +> = — p+ — 
dp dx dd dx dr dx” dp dx’ dq dx” dz dz 
dM dp’ dM dq’ dM dr’ dM dp dM dg , dM dM 
dq dy dr dy" dp dy ay dy a ity 


dp dy ly 
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If we eliminate = d from the first by the given equation, and add 


the result to the second multiplied by — “3 we obtain 


dg . C dy\ (dM ‘dM C dr) (dM _ aM 
ie +; i) a ae 3) + (#: ts =) (Fr na) 
,, C_\ aM ,, © .\dM dM M 
+(7 +59) st (¥+ 5") a tPayt (p+ ‘) 
dM | C aM 

F dx — n dy 


Whence, on account of the indeterminate quantities remaining, we 
must have 


ss 0. 


mim _, MM _y 
dd ~ is dr an 
c Cc M - dM 
’ Ul te ss ‘ r’ a 
+a t( +; ‘) 7, +P 7 +(p + 51) = 
dM. CdM _ " 
a *5G =* 


Now assume dp’ + mdq + ndr’'—Ddx =0, dy-- dx = 0: 


and by these eliminate C, D, m and from the preceding equations, 
and we again find dM = 0, and consequently also dN =0. If 
then from the assumed equations we can find two integrals M = a, 
N =); we shall have M == ¢ (N) for an integral of the proposed 
of the second order. The two other values of m and n will give 
two other integrals M’ = ¢ (N’), M” = x (N"), when it is practi- 
cable to find all three. 

In the preceding theory the differentials never rise above the first 
degree, and they ought not. The method in fact is similar to that 
employ ed upon ‘equations of the first order; and it must be evident 
that it is the natural and proper one. Those who first treated on 
this subject must have overlooked it from not proceeding in the 
most simple manner, or from not perceiving how they could elimi- 
nate a sufficient number of the indeterminates or differential co- 
efficients. 


Denby, near Wakefield. 
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V.—ON THE EVALUATION OF A DEFINITE MULTIPLE 
INTEGRAL. 


By D. F. Greaory, B.A., Fellow of Trinity College. 


In a memoir read before the Academy of Sciences of Paris, and 
inserted in the Comptes rendus, Vol. vii. p. 156, M. Lejeune 
Dirichlet called the attention of mathematicians to the remarkable 
multiple integral 


Via/f de f dy [ds......0° gh! 9°"... (1), 
which is to be taken between the positive limits of the variables 
determined by the inequality 


(=) + (3)' + (=) Pon, meee (2), 


the number of variables, and therefore of integrals, being any what- 
ever. The result at which M. Dirichlet arrives is, that 


a b c 
_ eo... ™G) FG) TG) 
ee ee ? 
ww ¢ (1 ere 74! x 
- 3 * 
I’ being the second Eulerian Integral. 


The actual calculation is not given in the paper referred to, 
though the process is indicated; but M. Liouville has investigated 
the value of the integral by a method different from that employed 
by M. Dirichlet, and his memoir (Journal de Mathématiques, V ol. tv. 
p» 225) is a very elegant specimen of analysis. The integral itself 
deserves attention, not only as being a remarkable analytical exten- 
sion of that property of the first Eulerian Integral by which it is 
connected with the second, but also because it frequently occurs in 
the investigation of areas of curves, contents of solids, centres of 
gravity, and other physical and geometrical problems of a similar 
kind. From its extensive application to cases which are of such 
frequent occurrence, this multiple integral ought to receive a pro- 
minent place in elementary works on the Integral Calculus, and 
on that account I here bring it before the English reader. The 
method by which I propose to evaluate this integral is, I believe, 
new ; and I am anxious to show its application in this case, not only 
because it exhibits very distinctly the nature of the connexion be- 
tween this integral and the function I, but because it can also be 
applied with great advantage to the calculation of a number of other 
definite integrals. In the present paper, however, I shall confine 
myself to the integral of M. Dirichlet, and a more general one of 
the same kind which is given by M. Liouville. 

In the first place, following the method of M. Liouville, we shall 
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transform the integral so that the limits shall be of the first degree 
only. This is easily done by assuming 


P q z Tr 
(=) oat (4) et (=) ont, te, 
a B y 
from which 


1 1 
a ——| 3 —~I =——] 

de=—zZ? dz’, dy= e y¥! dy, d= YI" dz, &c. 

Pp q r 


On substituting these values for the variables and their differen- 
tials, the integral becomes 


a “pry c 


V= rie eisai : 
ar. v. (3), 


where U is the definite need 
a b 


: ae id ee | 
fda’ fay fed ...2? of" or ..4), 
the limits of the variables being given by the inequality 


CO Sf cscene 2" snivncuisiaton EBPs 
Now let 


a b c 
ye a re 
p 


and, dropping the accents which are no longer necessary for discri- 
mination, we have to calculate the integral 


U = fde [dy fas ..... Fg 2°" ...... (6); 


the limits being given by the anes 


ety+2 eee - 
If the variables be only two in number, x and y, the integral is 
reduced to 


] 
= fax fay ai} ym=l =— fax gi} ¢ _ 2)™, 


since the limits of y are 0 and 1 — 2. 

The evaluation of this integral, by a method due to Professor 
Jacobi, may be found in this Journal, Vol. I., p. 94, and it is by 
an extension of that method that M. Liouville has calculated the 
general integral under consideration. Instead of employing it we 
shall proceed in the following manner. 

Let LEYAZH vvceeeee =, 

or #2=v—-y—-Zz—. 
Then, as 2 varies when y, 2..... are constant, dz = dv, and (10) 
becomes 


U = fav fdy fdz y™' 2") (v—y— 2...) rsseee (Te 


We might now integrate with respect to v but, for the conveni- 
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l- 
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ence of our future operations, we shall only indicate the operations. 
The extreme limits of v are 0 and 1, and we may therefore write 


U=/;' dv fdy {dz y™ 2"! (v—y—z—,..). 


Now by the symbolical form of Taylor’s Theorem we have 


S (eh) = oh” f(x), 


Hence we may put 


d 
(v—y—z—... I= ¢ "@ (y—z—,,.)- sei (9), 
and we have then 
d 
U=/,' do fdz 2*—".,, fdy y*-' gw (v—z—...)PM.... (10), 


the limits of y being 0 and v — z-... 


: d f‘d\" 
Now assume y ~ = 4, so that dy = dt (;) > 


a\7™ 
Us/,ido faz 21 farm «* (©) (v—sg...)'""...(11). 


To find the limits of ¢ we have recourse to the following conside- 
rations. Supposing, for simplicity, that there were only two varia- 
bles, x and y, we have 

d 
“Sor de 
(v—y)'" =e vi l—¢; 

Now, when y = 0 the first side becomes v'~'; and in order that 
the second side should be reduced to that form, we must have 
t=0. Again, when y = v the first side becomes zero, / being 
positive ; and in order that the second side may also become zero, 
we must have ¢ =o. 


t, yln!, 


Hence to the values 
y = 0\ 
y=) 
As in this transformation consists the principle of the method I 
employ, I shall add a few words in explanation of it. When we 
assume 


=) 
correspond f . 
le = DO. 


d rs ihe 
95, = and dy = dt (*) , 


and therefore 

ae 

€ dv yp) — et v=, 
we suppose ¢ to be a variable capable of increase or decrease; or, 
in other words, a symbol of quantity. But, on the other hand, 


d, , , 
Y 7 88 symbol of operation to which we cannot apply the terms 


increase or decrease, and it may therefore seem to be scarcely allow- 
able to assume it to be equal to a quantitative symbol It is to be 


FFF 
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observed, however, that our use of the symbolical expression is only 
for the assumption of the form of the new function, and that when 


d : ; 
we puty | = 6 we really say nothing more than that ¢ is to be 
dv 
such a function of y that it shall satisfy the equation 
(v — yy —_ ew! yinl, 


which of course is an assumption which we are quite at liberty to 
make, Whether in every case of such a transformation we could 
actually determine ¢, is a question with which we have fortunately 
no concern, as it is to be expected that such a determination would 
be in most cases very difficult if not impracticable. All that we re- 
quire to know are the limiting values of ¢ corresponding to those of 
y; and as these can generally be found by considerations such as 
we have used, the transformation is for our purposes sufficient. It 
reduces the function to be integrated to a very convenient form for 
effecting that operation, and the substitution of the values of the 
limits offers generally no difficulties. What we have said regarding 
the limits in the case of two variables, applies equally well to a 
greater number, except that the limits of y being 0 and v — z —..., 
the limits of ¢ will still be Oand ©. Hence, recurring to our in- 
tegral, equation (11) becomes, on affixing the limits to 4, 


ie 1 —m 
U=/,' do fdez*="'.../,° dt em" et (1) (v—z—...)1. 


Now /, dté™™<'=T'(m), and therefore 
d\-™ 
U=P (m) f,' do fdz2"~"... (<) (v—z—...)'! ..... (12). 


Proceeding with z in the same manner as with y, by putting 
d 


(vo—z—... ime | Ww yl-1, 
and assuming 
2 ws 
-_— 
we find, as before, 
a (mtn) 
U=P (m) /,' dv... /y° dss" * (5) v1, 
v0 
1 \ (m+n) 
=I (m) V'(n) f,' dv... (=) of ,.. se 18). 


In this manner we might proceed for any number of variables, 
but restricting ourselves to three, it only remains to integrate with 
respect to v between the given limits. 


(yr on Ea: Pr (d) ypitm+n-l 
dv LP (d4+m+4n) 


Now as 
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we find 
I (2) DP (m) £ (x) 
C= 
(24 m+n) 
ad I (2) T(m) T (n) . 
= Cem tay FF m pH) 
__ T(l) P(m) T(x) 
~ PU lt mare a ae (14); 
since by the fundamental property of the function I’ 
Ct+m+nyCril+mpeny=V(l¢l4my4n). 


Substituting this in (3) and putting ford, m, m, their values 


l l+m+n—1 
SJ! dv v'+ 


a 
a 


F _ =, we finally obtain 


a b ? 
atprye F ( ~) J (“) d a) 
ve ipl aw hl. 
py ee ee 
r(i¢¢4o4%) 
pq? 


It is to be observed, that in effecting the operation 


~(mtn) 
haar 
? 
dv 


we must notadd any arbitrary constants, since this inverse operation 
has arisen during the process without causing any constants to dis- 
appear, and there are therefore none to be restored. All the 
arbitrary constants arising from the original integrals are eliminated 
in taking the limits, and no others are to be introduced, otherwise 
we should have more arbitrary constants than integrals. 

The transformation in (11) and the subsequent investigation of 
the limits are the parts of this method which appear to be new, or 
at least not to have been hitherto employed to calculate definite 
integrals. Itis easily seen that the same transformation may be 
applied to many other definite integrals, but it would occupy too 
much space to enter on the consideration of them at present. I 
shall therefore pass on to some examples of the application of the 
formula which has just been proved. 

Ex. |. To find the area of the evolute to the ellipse. 

The expression for the area is 


V = //dx dy, 
x and y being subject to the limiting condition 


(+ Gn 

a ¥) 

Herea=1, b=1, p=q=%. Therefore by (15) 
r (DR 


1 (4) 





Il 


V= 
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Now 1(4)=3.2.1, and 1(3)=3 7(4)=47, 


3af3 
and therefore V= on which is the area of the portion of the curve 


included betweén the positive axes, since the variables are supp sosed 
: r . $a 
never to become negative. The area of the whole curve is 7 


Ex. 2. If we wish to find the co-ordinates of the centre of gravity 
of the same area, we have to calculate 
[fx du dy and //y dx dy. 
By the formula (15) 


,.rfera® ,. _9 » (8) Tr(a) 
| fx dady= gb rd+344)’ I Ly dx dy = é Ta4340 +3)" 
Hence if x, y be the co-ordinates of the centre of gravity, 

- Bo - 283 


z= a —, 
— 9.7.5 9.7.5 


Ex. 3. It is shown in this Journal (Vol. II p. 14,) that the equa- 
tion to the parabola, when referred to two tangents as axes, is 


zx, Y 
VitVir" 
a fp 


a and (3 being the portion of the tangents intercepted between their 
intersection and the curve. If @ be the angle between the axes, the 
area is 
V = sin 0 //dx dy, 
the limits of # and y being given by the preceding equation. 
Heea =1,6=>1lp=q= th, Therefore 
. 13 sin o 
V =sin 0. 4a gh (s 2)5* <= - 
15) — 6 
From this it appears (referring to the figure in the article alluded 
to above, ) that the triangle ABC is three times the area ABPC, 
Ex. 4. To find the centre of gravity of the eighth part of the 
ellipsoid 
ay? 2 
27° 2% 31 
a pb Y 
If z be one of the co-ordinates of the centre of gravity, 
ee [fz dx dy dz 
“~~ ff fda dy dz ’ 
the limits being given by the preceding equation. 
In the numerator, comparing it with (15), we have 
a=b=1], c=2, p=9=1r=7. 








i- 


ie 


On the Evaluation of a Definite Multiple Integral. 221 


Therefore 
By? $1 (3)3? apy? 
2 ax 1 oon i B) —. , 
J/[z dx dy dz - (3) — 
In the denominator a=b=c=1, p=g=r=2. Therefore 
. 35 r (3)3 3 rapyy 
la dy dz = pst nt 4 WG = 
a << ae 


Hence z = 3 y, and similarly for the other co-ordinates. 


M. Liouville has given to the Theorem of M. Dirichlet a very 
important extension, of w _— the following is the enunciation. If 
W=J/dx {dy [dz...a''y"“2"""".. f(w@+y +24 ...) (16), 

where the limits of 2, y, z... are such as to satisfy the inequality 
E+yAepH.uwe h, 
Sf being - function omit 
>(m) (nm 
It will be seen, as in the first part of this article, that to the form 
(16) may be reduced the more general one 


‘ - cfs a\P y\4 2\* ) 
W'=fdax [dy [dz...a*"' y®' 2-' fF) *) (3 (=) sary 
fda fay fe y fii - t a) + ¥ + ; 


where the limiting values are given by the inequality 


x\P y\4 or 
(=) +(4) +(2) fee eZ hs 
for by a simple transformation of the variables we should find 
wee LOY w 
pq 
and it is therefore only necessary to calculate W. To effect this we 
proceed in the same manner as before. 
Let ctytz+e-.=y, 
then dx = dv, 
the extreme limits of v being O and A. Then 
W=/,'dv [dy fdz...y™ 2"... (v— y—2z— ove 8 f(n), 


Now, as before, 





> 


(o—y-2— YS )=e® (v—z—...)1f(v), 


where _ is accentuated to imply that it refers only to the v included 


in (v-z—...)'"' and not to that under the f. Now putting 


y d = #, the limits of ¢ will be 0 and «, and 
m 
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W=f/Sde fds...2°"...f.° deo «= (a) (v—z—...)-"f(v), 


a'\~-™ 
=I'(m) /,! do fdz..2"™...( 5) (v—z2—...)-1 f(0). 
Next, treating z in the same manner as y, we have 


d' —(m+n) : 
W=P(m) P(n) fyrdou(F) (om HF(0) 


and so on for any number of variables. Restricting ourselves 
]! \~(mtn) : 7 
to three, and effecting the operation (5) » which has refer- 
ence only to v'-', we find 
COV ™r) ,, 
ete! Aare d. l+m+n—-1 »), 
Ww 0 (l4+m+n) Jodo Fr) 


As an example of the application of this formula, let us take the 
expression 
l 
W =/dx {dy [dz , 
[da fay fda 7 aa 
where the variables satisfy the condition 
w+y?+z2? Ul. 
To change the variables, put z?=2', y*=y', 22=2’; then 
rC( da’ dy’ dz 1 
w=||| =A = / ema 1g 
V x'y'z VW1—2'—y'—2 
and 2’ 4y'-+2' 21. 
In this case, then, =m=n=4; therefore 
wang EGR? te 
I (4) 0 v1 —vU 


putting v = 2°, we find 


(' vddy 1 gdx 
| ae VL a = $7. 
i? ov l-—2 


Also 1(4)=7, and (3)=37; therefore 
2 


W= -. 
8 


| — 28. 
Again, take W= || ae dy J) ae 
$e by 


when 2? 4 y? 2 1. 


By a change of the variable, 


de dy » /\—«-4 . 
wi ae - c—y ' " ws 
" \) V xy 1/% 42 $y” and = 2 +Y cl. 








es 
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Here l=m=4; therefore 
rt 


$1 (4)32 date 
w= <P d : 
t I'(1) 3 1+4o 
Now I'(1)=1, r'(4)=“x, 


‘a La Ps om 2 - a ee; 
I. : }+o ad \, . 7S as) ~ Q ed 
therefore W =~ ‘ — 1) : 
4\¥ 


Other examples of this formula will be found in a paper by M. 
E. Catalan, Journal de Mathématiques, Vol. IV. p. 323. 





VIL—_REMARKS ON POISSON’S PROOF OF THE PROPOSI- 
TION THAT F(u.¥) MAY BE EXPANDED IN A SERIES 
OF LAPLACE’S COEFFICIENTS.* 


I propose in the following paper to simplify the integration which 
occurs in the proof of this proposition as given by Poisson ( Théorie 
de la Chaleur, Art. 106), and by Pratt (Mechanics, Art. 176), and 
to allude to a point which appears to present some difficulty in the 
articles just referred to. 


The definite integral which occurs is 
\ ‘w (1 — c?) dy’ dw! 
| 

-1)/0 


(J 4c? — ep)? 
$where p=pp! 4V1— 2 V1 =p? cos (w—w')? when c=1. 


(= X suppose), 


It is manifest that the element of the integral will have no sensi- 
ble value unless p = 1; that is, unless p’ = p and w' = w + some 
multiple of 27. Let then the integral be transformed, as in Pratt, 
and we have 

ee ( 2g dy dz | 
| gy Mod + 2(1—,2) |? 
1—,? ie 

a | , 2g dy dz’ 





Aelia 
“ (g? + v2 42/2)” 








* From a Correspondent. 
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ere v — 
if "=i = 2? gazzV1—p 


Now for distinctness take the rectangle ac db, (fig. 2), 
Aa=Ac=1, AB=92r. 

Take A as origin, and let values of w’ be represented by lines pa- 
rallel to AB, values of py’ by lines perpendicular to it. Then, since 
the limits of yp’ are + 1 and — 1, and those of w’ 27 and 0, all 
points whose co-ordinates are corresponding values of w! and ,’ will 
lie within acd b. And if we take Pas a point represented by the 
values of w and p, the above integration will be effected by inte- 
grating through any small space round P, since it is only at P that 
the elements are not evanescent. 

These considerations of space suggest a simplification of the in- 
tegral, viz. by trausforming it to polar co-ordinates r and 6: which 


being done, we have 
' [{ Qgrdédr 
x oo | | J —_—___— 


=. 
(9 +1°)” 
Now suppose, 

I. That » and w have not the values +1 or 27 and 0, so that 
P lies within acdb. Then we must integrate through a small space 
round P, and the limits will therefore be 0 and 27 for 6, and 0 and 
any small value (a) for 7, 


I: 1 
Xo to ft b= gall 


Grmt Yate 


Put g = 0; then, since a is finite, _= 2 , and therefore 
k = 4a. 

There is a difficulty at this point in Poisson’s analysis. He says, 
that he proposes taking + 0 and — o as the limits of integration 
for z— limits; of which, to say the least, the admissibility ought 
to be proved,—because it is not necessary, in order that the elements 
of the integral should be sensible, that w’ should be indefinitely 
nearly equal to w, but only that it should either be equal or differ 
from it by some even multiple ef x. And hence if + and — 
be the limits of z, it seems hard to assert, @ priori, that no ele- 
ments will be included in the integral but such as properly belong 
to it. But Poisson does not, in fact, take the above limits, for he 
transforms the integral by putting 

2 (1 — pa)=(¢ + 7) 2s 








w (+« S 
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and then takes + o as the limits of x. Now it will be observed, 
that x is multiplied by an evanescent quantity, and therefore it does 
not follow that z should be infinite because 2 is so. 


The truth of these remarks will, I think, appear from observing 
the method above given of finding the value of X. We find that 


X = 4r \1 — ; 
a? 
I+ 
The assumption of + for the limits of z, will be somewhat 
similar in its nature to that of 0 and © for those of 7; this will be 
effected by putting a = o, in which case we shall, it is true, get 
the same value of X as before; but the assumption is not necessary, 


since if a be finite, — will be infinite, which is all we require. More- 


over, if a = ©, we should have X=4n, independently of the value 
of g ; whereas the evanescence of g is an essential condition of the 
problem. 


II. The case in which » has one of the values + lor —1, or w 
one of the values 27 or 0, will require a few words. 


1. Suppose w = 0, then referring to the figure there will be éwo 
points Q, Q’, for which w' = 0, and w' = 27, for which the elements 
of the integral will not vanish. 

The limits of 7 may be the same as before, but those of 6 must 
be + 33 since otherwise we should integrate out of the rectangle 
achd. The value of the integral for each point will be 27, and 
therefore on the whole X = 47, as before. 

The same remarks will apply when w = 27. 

2. Suppose »p = 1. Then there will be one point, as R, (see fig. 2) 
on the circumference of acdb, for which the value of the elements 
will be sensible. It would appear at first sight that the limits of 0 
should be O and 7 in this case, and thus we should have X = 27; 
that this is not the case, may be easily shewn by an independent in- 
vestigation, as in Pratt (page 168), and the reason of this may per- 
haps be given thus: we have assumed 

’ v 
aa — J} 
V1 —p 
and » = rsin@; 
em V1—)2.rsin 0. 
In the particular case, therefore, of » = 1, we see that y = 0 what- 
ever be 0; and we shall therefore not go beyond our limits (or 
integrate outside the rectangle acdb), even though we take 0 and 
27 as the limits of 0. 


The same explanation will apply when p=— 1. 


H. G. 











VIL—ON THE DEVELOPMENT OF THE SQUARE ROOTS 
OF INTEGRAL AND FRACTIONAL NUMBERS BY CON- 
TINUED FRACTIONS. 


By James Boorn, M.A., Principal of and Professor of Mathematics 
in Bristol College. 


Tuart the square root of a number may be exhibited in the form of 
a continued fraction, is a property of such fractions long known, 
yet the proof usually given, showing that the terms of such fraction 
are periodic, appears both tedious and obscure; and the inverse 
problem, to determine the numbers whose square roots may be deve- 
loped in periods of one, two, three, or more given terms, appears 
never to have attracted the attention of mathematicians: to discuss 
this is the object of the present paper. 


Assuming as known the common properties of continued fractions, 
P QR 


et P’ . Q > R’ > 
of the period, and let y be the last quote of the period ; 
then R=Qu +P, r= Qie+P’ (1), 


a, B, y, 6... being the successive quotes of the period. 


l 


be the three final consecutive converging fractions 


The rule by which these converging fractions are found is—multi- 
ply the numerator of the converging fraction just found by the cor- 
responding quote, and add the numerator of the preceding fraction ; 
this sum will be the numerator of the next converging fraction : and 
the denominator may be found in a precisely similar manner. 


Let N be the number whose square root is required, a* a square 
contained in N, which, when the number is an integer, will be the 
greatest possible, & the difference between N and a*, so that 


N = a ao pee (2), 
and let VN SB A 8 ceccsccce cee (3), 
then z= ieee hiadewessaseos okie 
+ B+... ; 
p+z 
Now the final converging fraction of the first period is 
R_ Qu+P 
= Qt P’ 


which involves y only in the first power; hence, as pu and z are 
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similarly involved in (4), the complete value of the final converging 


fraction is 
Qu +2) +P. 


Q(n +2) +P" 


equating this expression with z, we find 


_ ss / (CS “i =. és 
=-()+ V Ge) ta ® 
but from (3) z=—a4VN, 


Equating those values of z, comparing the rational and irra- 
tional parts together, we find 


R’ —Q . 
= 2Q’ ee seeee see eee(6), 
: R’—Q\?  R » 
N —= (“z) $f Q’ eee eereee . oo 7 
, . ; , R'-Q\ . 
or, in the last equation, introducing the value of a) given 
by (6), we get 
R 
—— g2 a . 
N = a® + Qi rier cee (8); 


but by (2), 


R 
N=a?+hk, or k= Q abe vac ouch ps 


hence we obtain the following Theorem : 

In reducing the square root of a number, whether integral or frac- 
tional, to the form of a continued fraction, the numerator of the final 
converging fraction of a period bears to the devominator of the pre- 
ceding converging fraction a given ratio. 

From equation (6) we find R’ = 2aQ’ + Q;; but by the general 
rule for the formation of the converging fractions, R’ = »Q’ + P’; 
hence, eliminating R’ we find 

» 
antsy 28. 
2 2Q 

Now when N is an integer @ must be so also; and that this may 
be always the case, P’ must be equal to Q: whence it follows that 
pe = 2a, or when the square root of any integer is developed in the 
Jform of a continued fraction, the final quote of the period is always 
double the integral part of the root, and the numerator of the last con- 


vs ws (10). 


verging fraction of the period but one is equal to the denominator of 


the last converging fraction but two. Hence , is always an even 
number, let it be = 2), 


To find the form of those integral numbers whose square roots 
may be developed in periods consisting of only one term, 
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let the quotes be , 
1 . 
an’ 

hence R'=2A, R=1, Q’=1, Q=0, 
or a" =A an integer, and k= a = 1; therefore 

N=(dA2+1); 

or all numbers of the form (A®° +1) may have their square roots 
developed under the form of a continued fraction, the period con- 
sisting of only one term; thus 


= ] 
V2=14+ — Vij=44-— 
2+4-—- 8 +> 
+3 +1 &c. +341, &e. 
To find the form of those integral numbers whose square roots 
may be developed in periods of two terms, 


let the quotes be 


and the converging fractions ~, ~, 


and the corresponding converging fractions 


or R'=2a\+1, R=2A, Q’=a, 
‘ 
hence a= “aor” =), and &= a 
hence 2\ must be a multiple of a. 

Let \ = fa; then all numbers of the form (éa* + 2¢), where a 
and ¢ are any integral numbers whatever, may have their square 
roots developed in periods of two terms. Thus, let a=5, t=1, 

Vii = 5 + — 
5 + — 

10 4+ - 

5 


let a—3, t=2, 
_ 1 
740 = 6 + 7 
on 
12 - 
r 3 


When the period is to consist of three terms, to find the form of 
the numbers, 
let the quotes be 0H a B&B, Qn, 
0 1 B 2Br.+1 


1 

verging fracti og aig ee on poner Sti a 

and the converging fractions 0? 1? a? aB4l? Dapr+2+a 
then, as the number N is an integer, Q=P’, or a=, 

R es Zar + 1 


and g=t= AGT , putting a for A; 
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1 ‘ ‘ : 
hence eT must be an integer. Write this fraction in the 
a 
form 
2 241— -- 
ak i a 
a? +1 a? +] 
hence (2\—a) must be a multiple of (a® +1), or 2\—a==¢(a* +1), 
ta® t 
oA = wae, hence both ¢ and a must be even. 


2 
Let ¢=2r and a=20, 
then A=4r8?+4+7r4 0 and k=47r5 +1 ; 
hence N=(A?4)=(0? 4-1) 4 285 (40? 4 3) 4 (4024 1)? 7. 
Thus, let o=1, r=1, 





a l 
741 = 6 +— 
92 i oan 
g + 1 
12 + &e. 
let é=Q, 72, 
71313 = 36 4 — 
4: of j 
* + 99 


When the period consists of four terms, let the quotes and cor- 
responding converging fractions be 
0, a, B, Y Qn 
1.0 1 B By+1 2prvy+201+8 
0’ 1’ a’ ab4l’ apytaty’ aByrA4+2ar+4+2yr+4 aB+41" 
Now as the required number is to be integral, 
Q=P, or By+1=aB841, or y=a; 
hence the third term of the period must be equal to the first: and 
2raB + 21 + B 
a’ + 2a 





R , 
as ~ must be an integer must be an integer &, 


Q 
putting a for y. 
2va—B 
a23+ 2a’ 
Qva—P ; 
and as —_——— must be an integer, let B=da; 


a’}+2a 


then ~ , aun be an integer 
y a? he 2 £4 =; 


hence 2v = 0 + 2n + nda’; 


hence k=é4n+406na?, and A\=na+éa (- — ) ’ 


Let A=ra, then k=2v— 
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T 2 rAd 36 1+ na? s 
therefore N=(\?4+4)= yn (1 + na?) + (46 4 2a?) a : 
Let a=2, 6=2, n=1, then N=155; therefore 

1 

7155 = 12 + — 


on 
r j 


ali 


To find the number whose square root may give the quotes 
1, 2, 3, 4; the quotes and converging fractions are 
0, a 2, 3, 2) 
30 
’ 


4 
1012 7 38 
10’ 43° 


Se F* 7’ S 
Now the integral part of the root is 29" = 
156 


R 
and k= o =3; hence N= a’? +k = On consequently 


y 


156 _ 9 
95} 


oe 
3 +4 
A+ 


1 
1+ &c. 
The square root of any number being developed in the form of 
a continued fraction, such fraction will be periodic. 
Assume the equations (6), (8), 
R , ; ) 
-@ R’ = 2aQ + Q, 
and R’‘Q — RQ’ =+ 1, 


N= 2 a 


the upper sign to be taken when holds an even place in the 


R 

R’ 
> 

series of fractions x, : ss oe = 

these three equations, eliminating R and R’, we find 


Q = VNQ? + 1 — aQ’ (11). 


Now such a value for Q’ must be found as will render (NQ’? + 1) 
a complete square, and greater than a*Q”; and as such a value of 
Q’ is always possible, it is manifest that neither the numerator nor 
denominator of the last converging fraction of the period can ever 
become infinite: thence, as the numerators and denominators of 


» and vice versd. From 
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these converging fractions, from the law of their formation, are 
continually increasing in magnitude, it is evident that a finite num- 
ber of converging fractions must intervene between the first and 
last of the period; and as a partial quote exists for every such frac- 
tion, it follows that the number of such quotes is finite, or the 
period is finite. 

Hence we may derive a singular theorem, namely, that the num- 
bers which, substituted for ¢, will render the formula (Ad@* + 1) a 
perfect square, are the denominators of the penultimate converging 
fractions in each period of the development of the square root 
of A. 

Thus, let A=11; then the converging fractions are 

1 6 19 120 8s79 R 

a? a° gen? —Q? > &C, 

$° 19° 60° 879° 1197 
it will be found that 3, 60, 1197, substituted for ¢, will render 
(11@+1) a complete square. 

By the aid of these principles the converging fractions of a pe- 
riod of the development of the square root of A may be found in 
an inverse order: thus, let A=27, then V(27Q* + 1) is rational 
when Q’=5, and 


V27.Q? + 1 = V676 = 2%, 





Q = VNQ? 4 1 = aQ’ = 26 — 25 =1, 
and P = 1, and R = &Q’ = 10, also R’= 51; 
: 10 
hence the fractions are . : i : j 
ol S&S I 
Had Q and Q’ been eliminated from equations (A), we should 
have found 
R = VNR? = & — aR’ ......... (12), 
or R = VNQ? = k& + aQ......... «6(13), 
had we eliminated R’ and Q’. 

Hence it follows, that if the square root of a number N be deve- 
loped in the form of a continued fraction, the denominators of the 
last converging fractions of each period, or the numerators of the 
immediately preceding fractions, substituted for ¢, will render the 
formula (Né + k) a complete square, # being the difference between 
N and the greatest square contained in it. 

Thus, let N=7; here k=3, and the converging fractions being 

1 1 2 9/11 20 $1 1441175 S19 494 2295] | 
17 2° 3’ 14117’ 31° 48’ 2231 971’ 494’ 765° 3554] ~~ 
it will be found that 2, 31, 494, or 14, 223, 3554, put for ¢ in 
(7¢? — 3), will render this expression a square; or 3, 48, 765, put 
for ¢ in (7¢*+4-1), will constitute this formula a complete square. 





VIII.—EXAMPLES OF THE DIALYTIC METHOD OF 
ELIMINATION AS APPLIED TO TERNARY SYSTEMS 
OF EQUATIONS. 


By J. J. Syitvester, F.R.S., Professor of Natural Philosophy 
in University College, London. 


Tus method is of universal application, and at once enables us to 
reduce any case of elimination to the form of a problem, where 
that operation is to be effected between quantities linearly involved 
in the equations which contain them. 


As applied to a binary system, fx = 0, gx = 0, the method fur- 
nishes a rule by which we may unfailingly arrive at the determinant, 
free from every species of irrelevancy, whether of a linear, facto- 
rial, or numerical kind. 

The rule itself is given in the Philosophical Magazine, (London 
and Edinburgh, Dec 1840). The principle of the rule will be 
found correctly stated by Professor Richelot, of Konigsberg, in a 
late number of Crelle’s Journal, at the commencement of a memoir 
in Latin bordering on the same subject, (“ Nota ad Eliminationem 
pertinens.’’) 

My object at present is to supply a few instances of its applica- 
tion to ternary systems of equations. 


Ex. 1. To eliminate 2, y, z, between the three homogeneous equa- 
tions. 


Ay? — 2C'ay + Ba? = 
Bz? — 2A'yz + Cy? = 
Cz? — 2B'zr + Az* = 
Multiply the equations in order by —2*, 2°, y*, add together, and 
divide out by 22y; we obtain 
Yet 4 Cay — A'rz — Blyz = 0 
By similar processes we obtain 
A'a? 4+ Ayz — Byx — Czar = 
By? 4+ Ber — C'zy — A’ry = 
Between these (6), treated as simple equations, the six functions 
of x, y, z, viz. 2°, y*, 2°, ay, xz, yz, treated as independent of each 
other, may be eliminated ; the results may be seen, by mere inspec- 
tion, to come out 


ABC (ABC— AB— BC?—CA® + 2A‘B'C’)=0, 
or rejecting the special (m. 6. not irrelevant) factor ABC, we obtain 
ABC—AB”?—BC? . CA’24 2A‘B'C’—0, 
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I may remark, that the equations (1), (2), (3), or (4), (5), (6), 

express the condition of 
Aa? + By? + Cz? 4 2A'yz+ QB'za 4 2C ay, 

having a factor Av + py + vz; a general symbolical formula of 
which I am in possession for determining in general the condition 
of any polynomial of any degree having a factor, furnishes me at 
once with either of the two systems indifferently. The aversion I 
felt to reject either, led me to employ both, and thus was the occa- 
sion of the Dialytic Principle of Solution manifesting itself, 


Ex, 2. Ax? + ayz+ bzx +4 cay=0........ (1), 
My? + lyz + mzx 4 nay =0......... (2), 
R2? 4 pyz + qzx + rry=0... .....(3). 


Multiply equation (1) by By+ yz, equations (2) and (3) by vz and 
Ky respectively, and add the products together, we obtain terms of 
which y*z and yz* are the only two into which 2 does not enter, 

Make now the coefficients of each of these zero, and we have 

ay } ly f- Re = 0, 
ap +Mv+ pe = 0. 

Let v=a, x=a, then y=— (/+R), B=—(M+4p). 
Hence, multiplying as directed, and then dividing out by 2, we 
obtain 

(mv + by) 22 + (re +P) y? + (OB + ey +nv + qx) yz 

+ ApPry 4+ Ayrz=0, 
or by substitution, 
sra—e (M+ p)} y? + jma—b (14 R)} 2? 
+ jan 4+aqg—6(M +p) —e(l4 R)} yz 
—A (M+p) cey—A(M-+p)az=0......... (4), 
Similarly, by preparing the equations so as to admit in turns of 
y and z as a divisor, we obtain 
§ma—1(R+46)} 2? +4 fmr—n(A+q)i x? 
+ 3me+ mp—n (R+b)—l(A+y)}} xz 
—M (R+)) yz—A (A4 q)ry=0 ... ..... (5); 
Srm—q(A+n)i x 4 Sra—p(M +e) y? 
+ frl4rb—p(A+n)— q(M+4e)} xy 
—R(A+4n) zz—R(M+ce) yz=0 ......... (6). 

Between the six equations (1), (2), (3), (4), (5), (6), 2°, y’, 2’, 
ay, x2, yz, may be eliminated ; the result will be a function of nine 
letters 3three out of each equation (1), (2), (3),2 equated to zero. 
Perhaps the determinant may be found to contain a special factor 
of three letters; and if so, may be replaced by a simpler function 
of six letters only. 
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Ex. 3. To eliminate between the three general equations 
Aa? + By? + Cz? + 2Dyz + 2Eza 4 2Fry=—0, 
La? + My? 4 Nz? 4 2Pyz+4 2Qzx4 2Ray=0, 
fe+gyt+hz=0. 

By virtue of one of the two canons which limit the forms in 
which the letters can appear combined in the determinant of a ge- 
neral system of equations, we know that the determinant in this 
case (freed of irrelevant factors) ought to be made up in every 
term of eight letters (powers being counted as repetitions), viz. 
(A, B, C, D, E, F,) must enter in binary combinations (L, M, N, 
P, Q, R,) the same, whereas f| g, 2, must enter in quaternary com- 
binations. 

To obtain the determinant, write 

Az? + By?+ Cz?4 Dyz4+ Ezr+4 Fay=0...... (1), 
Lx? 4+ My? 4+ Nz? + Pyz+ Qzr4 Ray =0......(2), 


Sx? + gay + hzax =(......($), 
fry +9y? +hzx =O... <0 (4), 
Sfrz +gyz + hz? =0.....(5)- 


We want one equation more of three letters between x, 9", 2", 
xy, xz, yz. To obtain this, write 
(Ax + Ez + Fy) x +(By + Fa + Dz) y, + (Cz + Dy+ Ex) z, 
(La + Qav + Ry) x, + (My + Ra+ Pz) y 4+(Nz+ Py ¢Ode~r 
fe, + 1+ hz =0, 
Forget that 2 =a, ¥,=Yy, z,—2, and eliminate 2, y, z, we obtain 
h j (Ax +Ez4 Fy) (My4Ra4Pz) | 
| —(By + Fa + Dz) (La 4 Qz4 Ry) J 
{(Cz+ Dy + Ex) (Lr+Qz+ Ry) 
| —(Nz+ Py4+Qz) (Ax + Ez + Fy) 
uf or +Py+Qzr) (By+Fr+Dz) |. 
—(Cz4+Dy+4Ez) (My+ Ra+4Pz){~ 
This may be put under the form 
ax?- + By? + y27 4 a yz 4+ pz + yzy=0.. .--(6), 
7% the coefficients are of the first order in respect to f, g, h 
L, M, N, P, Q, R, A, B, C, D, E, F; in all of the third order. 
Between the equations marked from (1) to (6), the process of 
linear elimination being gone through, we obtain as equated to zero 
a function of 5 + 3, or of eight letters, two belonging to the first 


equation, two to the second, and four to the third; so that the de- 
terminant is clear of all factorial irrelevancy. 


+9 
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Ex. 4. To eliminate x, y, z between the three equations 
Ax? + By? + Cz2+ 2A'yz +4 2B'2a 4+ 2C' xy=0, 
La? 4 My? + Nz? 4 2L'yz 4 2M'2a 4 2N'xy=0, 
Px? 4+ Qy? 4 Rz? + 2P’yz 4 2Q'zx + 2R’xy=0. 


Call these three equations U=0, V = 0, W = 0, respectively. 
Write 


2.U—0..... (1), y.U =O... (2), et-= OveseahD), 
2.V =0 oc eneh O), yV = Oise cee (5), 2V = 0... .. (6), 
xz.W — | re (7); y.W = 0. veel Op z.W = Deisccd (9). 


We have here: nine unilateral equations: one more is wanted to 
enable us to eliminate /inearly the ten quantities 
fg, 8. ty, #8, ay, 2.2, 2.92, fs, 9.8". 
This tenth may be found by eliminating 2, y, z, between the three 
equations 
a (Aa + Biz + Cy) + y(By4 Ca 4 A’z) 42 (Cz4 A'y4 Br) =0, 
a (La 4+ M’z + Ny) 4+ y(My + N’v4 L’z) +2(Nz4L'y + M'z)=0, 
a (Px4Q'y+ R’z) + y(Qy4+Ra+ Pz) +2(Rz4+ Py +Q'x)=0; 
for, by forgetting the relations between the bracketed and un- 
bracketed letters, we obtain 
((My+Nx+Uz), (Rz+Py+Q’72), ] 
|—(Qy+R’a+P’z), (Nz4L'y4 M2), J 
t &c. + &c. = 0, 
which may be put under the form 
ax? 4 By? 4 yz 4 da2y +...... = | ae 


(Aa + Bly + Cz) 


* We might dispense with a 10th equation, using the nine above given, to 
determine the ratios of the ten quantities involved to one another; and then by 
means of any such relations as 

ay x xy=ay? y xy’, or a x yoay x ry’, &e. 
obtain a determinant. But it is easy to see that this would be made up of terms, 
each containing literal combinations of the 18th order. 

Again, we mirht use five out of the nine equations to obtain a new equation 
free from y’, y*z, yz*, z*; i.e. containing x in every term: which being divided 
by 2, and multiplied by y, or by z, would furnish a 10th equation no longer line- 
arly involved in the 9 already found. The determinant, however, found in this 
way, would consist of 14-ary combinations of letters. 

Finally, we might, instead of a system of ten equations, employ a system of 
15, obtained by multiplying each of the given three by any 5 out of the 6 quantities 
a*, y®, 2*, zy, xz, yz; but the determinant, besides being not totally symmetrical, 
would contain combinations of the 15th order. 

I may take this opportunity of just adverting to the fact, that the method in 
the text does in fact contain a solution of the equation 


AU + pV 4+ v~W=ay*2', 
where rfs4t—4, and A, », » are functions of the second devree in regard to 
r, y, z to be determined. 
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By eliminating linearly between the equations marked from (1) 
to (10), we obtain as zero a quantity of the twelfth order in all, 
being of the fourth order in respect to the coefficients of each of 
the three equations, which is therefore the determinant in its 
simplest form, 

I have purposely, in this brief paper, avoided discussing any 
theoretical question. I may take some other opportunity of en- 
larging upon several points which have hitherto been little consi- 
dered in the theory of elimination, such as the Canons of Form, 
—the Doctrine of Special Factors,—the Method of Multipliers as 
extended to a system of any order,—the Connexion between the 
method of Multipliers and the Dialytic Process,—the Idea of Deri- 
vations and of Prime Derivatives extended to ultra-binary Systems. 
For the present I conclude with the expression of my best wishes 
for the continued success of this valuable Journal. 


22, Doughty-Street, London, January 50, 1841. 


IX.—ON THE EXISTENCE OF POSSIBLE ASYMPTOTES 
TO IMPOSSIBLE BRANCHES OF CURVES. 
Let f(a, y) =O represent the equation to any curve. Let 
Aa‘ + Ba? be the two first terms in a development for y by 
descending powers of z, Then if a=1, B=0, and A, B, be both 
possible quantities, the equation 
y = Ax + B 
corresponds to a rectilinear asymptote, within the plane of a, y, to 
an infinite branch of the curve. In case all the coefficients of the 
descending powers of x, after the two first, be also possible, then 
the branch lies wholly within the co-ordinate plane from some 
point at a finite distance from the origin to its ultimate coalescence 
with the asymptote. If, however, any of the following coefficients 
be impossible, then the branch will be wholly without the plane of 
co-ordinates between such limits. We propose to illustrate the 
case of the impossible coefficients, by the discussion of the equa- 
tions to two appropriate curves. 
Suppose (A) (“) (v) to be particular values of A, “, », which satisfy the pro 

posed equation, the general values are of the form 

(A) + AV — BW, 

(u) + CW — AU, 

(vy) + BU — CV, 
U, V, W mean the same as above : A, B, C are arbitrary constants. (A) (”) (v) 
may easily be found by analysing the method applied to example (4). 





DP 








Possible Asymptotes to Impossible Branches of Curves. 237 


Ex. 1. Take the equation 
2°y?—Qba*y—b? y?@— 2a%ay + bx? 4 2b8y 4 Qarba + 2a — b*=0...(1); 
arranging by powers of y, we have 

(x?—Bb?) y? —2 (bx? + a2a —b*) y + b2a? 4 2a?ba 4 2a! —b'=0, 
and therefore, after the execution of obvious simplifications, 

(a? —b?)? y?—2 (a? — b?) (ba? + a®x —b) y + (bx? 4 a°x—b3)? 
= 2a'b? — a‘2?, 
and therefore 
(x?— b?) y= ba? + a®a— b' +- a? (2b? — 2?)}.......(2). 

Suppose now that 2 = + 6; then, since the coefficient of y be- 
comes zero, and the right-hand member of the equation remains 
finite, it is clear that y = @. Hence the curve has two asymptotes, 
whose equations are 

Bt B 0. cee seeeee (8) 

Again, suppose that a is indefinitely great; then retaining only 
the highest power of 2 in the coefficient of y and in the right-hand 
member of the equation, we have 

xy = ba?, 

and therefore y= Resin senewen 
which is the equation to an asymptote. 

It is evident, however, from the equation (2), that y has impos- 
sible values for all indefinitely large values of z. Hence the equa- 
tion (4) belongs to the possible asymptote of an impossible branch 
of the curve. 

In order to place in the clearest point of view the character of 
the impossible branch, we will suppose x to be susceptible of every 
degree of quantitive magnitude affected by the sign + or —, and 
transform accordingly the equation (1) from affectional to quanti- 
tive co-ordinates. The formule of transformation, (see a paper in 
the 9th number of this Journal, on the General Theory of the 
{nterpretation of Equations in Algebraic Geometry,) are the 
following :— 

x=a, y= £ (cos 2sr+ —} sin 287), | 

a =a, y' =f cos 287, 2’=8 sin2sz, | 

Substituting the expressions for z, y, in the equation (1) ar- 

ranged by powers of y, and equating separately to zero the possible 
and the impossible parts of the result, we have 

(a?— 6?) ? cos 48x — 2 (ba* 4 a?a — b*) 3 cos 2sr 

+ b?a? + 2a%ba + 2a4—b4=0.. ... (6), 
and = (a?— 8) (2? sin 487 —2 (ba? + a®a — 5) 2 sin 2s7=0, 
or $(a?—0?) 8 cos 2s7—(ba? + a2a — b*)} sin 2sr=0...(7). 
The equation (7) is satisfied by either of the two relations 
sin 2sr=0 ......0.- (8), 
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or (a?—J*) B cos 2sr--(ba?+a2a —#)=20... «. (9). 

From (8) we have 2s = Aw, where \ is any integer whatever ; 
hence from (5) and (6) we get 

z =a, y = cosdz, z =0, 
(a?— b?) 3? cos 2hr—2 (ba? 4 a%a — b®) B cos Xx 
+ ba? 4. 2a*ba 4 2a*— b4=0, 

and therefore 

(a? b?) y'2?—2 (ba'? + a®a’ —b) y' 4 bx? 4 2a%x' + 2at—b4=0 
on asa oh 

and 2—0; 
again, from (5), (6), (9), we have 
(x?—8?) y' =b2'? + a2x' —b3...... (11), 

and 

(2?— b?) (y'2— 2'2) —9 (bx? farx’ — b°) y' 

+ bx’? + 2a%bx' + 2a'— b4=0, 
and therefore, by combining the two, 
(a'?— b) (y'? 4-22) = ba"? 4 2a2ba' 4 204 —b; 
whence by (11) 
(a'®—b?)?2? 4 (ba'? 4 a2’ —b3)? = (a'?— b)(b%x'? 4 202’ 4 2a4— b4), 
and therefore 
(4'2— b*)? 22 =a (22 26*).. ......(12). 

The equations (10) represent the branches SKs, S’K’s’, in the 
plane of 2’, y', (See Fig. 3.) The straight lines SS’, ss’, which be- 
long to the equations (3), are asymptotes to these branches. 

The equations (11), (12), represent the branches TLK/, T’L’K7, 
of which KIT, K'I'l’, are the projections on the plane of 2’, y’. 
The straight line TT’ corresponding to the equation (4), is an 
asymptote to both these branches. 

The equation (1) may be seen in Cramer's Analyse des Lignes 
Courbes, where, having defined the locus of (4) as being an equation 
of the form which corresponds to a rectilinear asymptote, he 
observes that, since the values of y in (1) for indefinitely great 
values of x, are impossible, “cette prétendue asymptote TT’ n’ est 
accompagnée d’ aucune branche infinie de la courbe.” 

Ex. 2. Take as another instance the equation 

at (y—br—c)*=a?— 2x"... .....(1). 
Writing this equation under the form 
a*—x* 
(y—be—c)* = pete (2), 
it is clear that when x becomes indefinitely great 


y =bx +-¢ 
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which is therefore the equation to an asymptote in the primary co- 
ordinate plane. But it is clear that when x is very great the values 
of y in (2) are impossible. Hence the equation (3) belongs to the 
possible rectilinear asymptote of an impossible branch. 

If, as in the former example, we transform the equation (1), in 
which 2 is supposed to receive every degree of quantitive magnitude 
affected by + or —, from affectional to quantitive co-ordinates, we 
shall obtain the two following pairs of equations : 


x4 (y'—bx' —c)*=a*'—2", | 
7=0, J 
and Y= Ye, 

z4z2?—2"— a, J 
The equations (4) correspond to the branches BAJ, B’ A'S, (Fig. 
4,) in the plane of 2’, y', to which the axis of y' is asymptotic; and 
the equations (5) to the branches T KAk, T’K'A‘k’, which have an 


asymptote TT’ in the plane of 2’, y’, their projections upon this 
plane coinciding with TT’. 


W. W. 


X.—_MATHEMATICAL NOTES. 


1. A short mode of reducing the square root of a number to a 
continued fraction. 


The common mode of proceeding by successive similar operations 
may be thus reduced to a rule, which will best be described by an 
instance. Let the number be 43, 


1 
V43=6 + — 
1 +— 
ee eeeaer 
34 ; 
] ra 
im 
o( 1 SeSeeK re 6) tae 
ll 7 6S 9 20:3:6 7 ot Bete 
91119181811 12/1, 


Set down always in the first columm the integers of the root, a 
unit, and the integers again. Form each column after the first 
from the preceding in the following manner :— 
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—c ee : 
~, which is always integer, 


6+c 


a 
a 


, '= integer of 
b, WU, &é=db'—e. 


The first figure of the third row is always the integer, and the 
last figure twice the integer; and the intermediate figures always 
shew the same series, whether reckoned from the beginning or the 
end. As soon as a succession of two similar numbers is seen in the 
first or second rows, it is a sign that the middle of the period is at- 
tained: if the reiteration take place in the first row, there will be 
an odd number of figures the same in the middle of the period; 
and if in the second row, an even number. In the last column but 
one of the whole period, 6 +e will be divisible by a’, but the con- 
verse is not true. 

A. D. M. 


2. Irrationality of «=271828 ... To the demonstration usually 
given, that « is incommensurable, may be added this—that it cannot 
be the root of a quadratic equation, the coefficients of which are 
rational. If so it would satisfy the equation 


a+-=¢, 
€ 
a being a positive integer, and 6 and ¢ integers either positive or 


negative. If then we replace « by its equivalent series, and then 
multiply both sides by 1.2...”, we find 


a , 1 ro b , | 
ee +ia3* e) 53 ( aan ge.) =p 


i being an integer. But we can always make the factor + 


2 
avi 
positive by taking m even when b is negative, and vice versd. If 
now we suppose ” very large, the first side of the equation is a 
fraction which cannot be equal to the integer ». Hence follows 
the proposition.—Liouville's Journal, May 1840. 


ERRATUM. 
Page 232, line 25 from the bottom, for Dec. 1840, read Feb. 1840 
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